We propose a new systematic fibre bundle formulation of nonrelativistic quantum mechanics. The new form of the theory is equivalent to the usual one but it is in harmony with the modern trends in theoretical physics and potentially admits new generalizations in different directions. In it a pure state of some quantum system is described by a state section (along paths) of a (Hilbert) fibre bundle. It's evolution is determined through the bundle (analogue of the) Schrödinger equation. Now the dynamical variables and the density operator are described via bundle morphisms (along paths). The mentioned quantities are connected by a number of relations derived in this work.
Introduction
Usually the standard nonrelativistic quantum mechanics of pure states is formulated in terms of vectors and operators in a Hilbert space [1, 2, 3, 4, 5] . This is in discrepancy and not in harmony with the new trends in (mathematical) physics [6, 7, 8] in which the theory of fibre bundles [9, 10] , in particular vector bundles [11, 12] , is essentially used. This paper (and its further continuation(s)) is intended to incorporate the quantum theory in the family of fundamental physical theories based on the background of fibre bundles.
The idea of geometrization of quantum mechanics is an old one (see, e.g., [13] and the references therein). A good motivation for such approach is given in [14, 13] . Different geometrical structures in quantum mechanics were introduced [15, 16] , for instance such as inner products(s) [2, 3, 13, 17] , (linear) connection [14, 17, 18] , symplectic structure [14] , complex structure [13] , etc. The introduction of such structures admits a geometrical treatment of some problems, for instance, the dynamics in the (quantum) phase space [13] and the geometrical phase [14] . In a very special case a gauge structure, i.e. a parallel transport corresponding to a linear connection, in quantum mechanics is pointed out in [19] . For us this work is remarkable with the fact that the found in it equation (10) is a very 'ancient' special version of the transformation law for the matrix-bundle Hamiltonian, derived in this investigation, which, together with the bundle (analog of the) Schrödinger equation, shows that (up to a constant) with respect to the quantum evolution the Hamiltonian plays the role of a gauge field (connection). In [18, 20] one finds different (vector) bundles defined on the base of the (usual) Hilbert space of quantum mechanics or its modifications. In these works different parallel transports in the corresponding bundles are introduced too.
A general feature of all of the references above-cited is that in them all geometric concepts are introduced by using in one or the other way the accepted mathematical foundation of quantum mechanics, viz. a suitable Hilbert or projective Hilbert space and acting in it operators. The Hilbert space may be extended in a certain sense or replaced by a more general space, but this does not change the main ideas. One of the aims of this work is namely to change this mathematical background of quantum mechanics.
Separately we have to mention the approach of Prugovečki to the quantum theory, a selective summary of which can be found in [21] (see also the references therein) and in [22] . It can be characterized as 'stochastic' and 'bundle'. The former feature will not be discussed in the present investigation; thus we lose some advantages of the stochastic quantum theory to which we shall return elsewhere. The latter 'part' of the Prugovečki's approach has some common aspects with our present work but, generally, it is essentially different. For instance, in both cases the quantum evolution from point to point (in space-time) is described via a kind of (parallel or generic linear) transport (along paths) in a suitable Hilbert fibre bundle. But the notion of a 'Hilbert bundle' in our and Prugovečki's approach is different nevertheless that in both case the typical (standard) fibre is practically the same (when one and the same theory is concerned). Besides, we need not even to introduce the Poincaré (principal) fibre bundle over the space-time or the phase space which play an important role in Prugovečki's theory. Also we have to notice that the used in it concepts of quantum and parallel transport are special cases of the notion of a 'linear transport along paths' introduced in [23] . The application of the last concept, which is accepted in the present investigation, has a lot of advantages, significantly simplifies some proofs and makes certain results 'evident' or trivial (e.g. the last part of section 2 and the whole section 4 of [21] ). At last, at the present level (nonrelativistic quantum mechanics) our bundle formulation of the quantum theory is insensitive with respect to the space-time curvature. A detail comparison of Prugovečki's and our approaches to the quantum theory will be done elsewhere.
Another geometric approach to quantum mechanics is proposed in [24] and partially in [25] , the letter of which is, with a few exceptions, almost a review of the former. These works suggest two ideas which are quite important for us. First, the quantum evolution could be described as a (kind of) parallel transport in an infinitely dimensional (Hilbert) fibre bundle over the space-time. And second, the concrete description of a quantum system should explicitly depend on (the state of) the observer with respect to which it is depicted (or who 'investigates' it). These ideas are incorporated and developed in our work.
The present work is a direct continuation of the considerations in [26] which paper, in fact, may be regarded as its preliminary version. Here we suggests a purely fibre bundle formulation of the nonrelativistic quantum mechanics. This new form of the theory is entirely equivalent to the usual one, which is a consequence or our step by step equivalent reformulation of the quantum theory. The bundle description is obtained on the base of the developed by the author theory of transports along paths in fibre bundles [27, 23] , generalizing the theory of parallel transport, which is partially generalized here to the infinitely dimensional case.
The main object in quantum mechanics is the Hamiltonian (operator) which, through the Schrödinger equation, governs the evolution of a quantum system [3, 2, 4, 5] . In our novel approach its role is played by a suitable linear transport along paths in an appropriate (Hilbert) fibre bundle. It turns out that up to a constant the matrix-bundle Hamiltonian, which is uniquely determined by the Hamiltonian in a given field of bases, coincides with the matrix of the coefficients of this transport (cf. an analogous result in [26, Section 5] ). This fact, together with the replacement of the usual Hilbert space with a Hilbert fibre bundle, is the corner-stone for the possi-bility for the new formulation of the nonrelativistic quantum mechanics.
The present first part of our investigation is organized as follows. In Sect. 2 are reviewed some facts from the quantum mechanics and partially is fixed our notation. Here, as well as throughout this work, we follow the established in the physical literature degree of rigor. But, if required, the present work can reformulate to meet the present-day mathematical standards. For this purpose one can use, for instance, the quantum-mechanical formalism described in [4] or in [28] (see also [29] ).
In Sect. 3 we recall the notion of a linear transport along paths in vector fibre bundles and make certain remarks concerning the special case of a Hilbert bundle.
Sect. 4 begins the building of the new bundle approach to quantum mechanics. Here the concept of a Hilbert fibre bundle of the states corresponding to a quantum system is introduced. The analogue of the state vector now is the state section (along paths). We present here also some technical (mathematical) details, such as ones concerning (Hermitian) bundle metric, Hermitian and unitary maps etc.
In Sect. 5 is proved that in the new description the evolution operator of a quantum system is (equivalently) replaced by a suitable linear transport along paths, called evolution transport or a bundle evolution operator.
The paper closes with Sect. 6.
Evolution of pure quantum states (review)
In quantum mechanics [3, 2, 5] a pure state of a quantum system is described by a state vector ψ(t) (in Dirac's [1] notation |t ) generally depending on the time t ∈ R and belonging to a Hilbert space F (specific to any concrete system) endowed with a nondegenerate Hermitian scalar product ·|· : F × F → C. For any two instants of time t 2 and t 1 the corresponding state vectors are connected by the equality
where U is the evolution operator of the system [4, chapter IV, Sect. 3.2]. It is supposed to be linear and unitary, i.e.
for any λ, µ ∈ C and state vectors ψ(t), ξ(t) ∈ F, and such that for any t
Here id X means the identity map of a set X and the dagger ( †) denotes Hermitian conjugation, i.e. if ϕ, ψ ∈ F and A : F → F, then A † is defined by
So, knowing ψ(t 0 ) = ψ 0 for some moment t 0 , one knows the state vector for any moment t as
Let H(t) be the Hamiltonian (function) of the system, i.e. its total energy operator. It generally depends on the time t explicitly 1 and it is supposed to be a Hermitian operator, i.e. H † (t) = H(t). In the quantum mechanics is postulated the Schrödinger equation (see [1, § 27] 
with i ∈ C and being respectively the imaginary unit and the Plank's constant (divided by 2π), together with some initial condition
The substitution of (2.1) into (2.6) shows that there is a 1:1 correspondence between U and H described by
where • denotes composition of maps. If U is given, then
where we have used the equality
which follows from (2.1) (see also below (2.10) or Sect. 5). Conversely, if H is given, then [3, chapter VIII, § 8] U is the unique solution of the integral
· · · dτ is the chronological (called also T-ordered, P-ordered or path-ordered) exponent (defined, e.g as the unique solution of the initialvalue problem (2.8)). 2 From here follows that the Hermiticity of H, H † = H, is equivalent to the unitarity of U (see (2.3)). Let us note that for mathematically rigorous understanding of the derivations in (2.6), (2.8), and (2.9), as well as of the chronological (path-ordered) exponent in (2.10), one has to apply the developed in [4] mathematical apparatus, but this is out of the subject of the present work.
If A(t) : F → F is the (linear) operator corresponding to a dynamical variable A A A at the moment t, then the mean value (= the mathematical expectation) which it assumes at a state described by a state vector ψ(t) with a finite norm is
Often the operator A can be chosen to be independent of the time t. 
Linear transports along paths in
Hilbert fibre bundles
By a Hilbert fibre bundle we understand a fibre bundle (E, π, B) with total space E, base B, and projection π : E → B such that the fibres π −1 (x), x ∈ B are homeomorphic to some Hilbert space E, i.e. they are homeomorphic Hilbert spaces. Let J be an R-interval and γ : J → B a path in B. A linear transport (or L-transport) along paths in the Hilbert bundle (E, π, B) (as well as in any vector bundle) is [23 
From these equations, evidently, follows
For linear transports in a Hilbert bundle are valid all results of [23, 27] with a possible exception of the ones in which (local) bases in the fibres are involved. The cause for this is that the dimension of a Hilbert space is (generally) infinity. So, there arise problems connected with the convergence or divergence of the corresponding sums or integrals. Below we try to avoid these problems and to formulate our assertions and results in an invariant way.
As an important results, valid in the case of a Hilbert bundle, we mention [23, propositions 2.1 and 2.2] which, due to [27, theorem 3.1 and proposition 3.5], are valid irrespectively of the bundle's dimensionality. In particular, according to these propositions, the general structure of a linear transport L in a Hilbert fibre bundle (F , π, M ) is given via 
The Hilbert bundle description of quantum mechanics
Let M be a differentiable manifold, representing in our context the space in which the (nonrelativistic) quantum-mechanical objects 'live', i.e. the usual 3-dimensional coordinate space (isomorphic to R 3 with the corresponding structures). 3 Let γ : J → M , J being an R-interval, be the trajectory of an observer describing the behaviour of a quantum system at any moment t ∈ J by a state vector Ψ γ (t) depending on t and, possibly, on γ. 4 For a fixed point x = γ(t) ∈ M the variety of state vectors describing a quantum system and corresponding to different observers form a Hilbert space F γ(t) which depends on γ(t) = x, but not on γ and t separately. 5 The spaces F γ(t) must be isomorphic as, from physical view-point, they simply represent the possible variety of state vectors from different positions. In this way over M arises a natural bundle structure, viz. a Hilbert bundle 3 In the following M can naturally be considered also as the Minkowski space-time of special relativity. In this case the below-defined observer's trajectory γ is his world line. But we avoid this interpretation because only the nonrelativistic case is investigated here. It is important to be noted that mathematically all of what follows is valid in the case when by M is understood an arbitrary differentiable manifold. The physical interpretation of these cases will be given elsewhere. 4 In this way we introduce the (possible) explicit dependence of the description of a system's state on the concrete observer with respect to which it is determined.
5 If there exists a global time, as in the nonrelativistic quantum mechanics, the parameter t ∈ J can be taken as such. Otherwise by t we have to understand the local ('proper' or 'eigen-') time of a concrete observer.
(F , π, M ) with a total space F , projection π : F → M and isomorphic fibres π −1 (x) := F x . Since F x , x ∈ M are isomorphic, there exists a Hilbert space F and (linear) isomorphisms l x : F x → F, x ∈ M . Mathematically F is the typical (standard) fibre of (F , π, M ). (Note that we do not suppose local triviality, i.e. that for any x ∈ M there is a neighborhood W ∋ x in M such that π −1 (W ) is homeomorphic to F × W .) The maps Ψ γ : J → π −1 (γ(J)) can be considered as sections over any part of γ without self-intersections (see below).
The usual (conventional) description of time evolution [1, 2, 3] is not through the state vector Ψ γ (t) ∈ F γ(t) but via the vector
which evolves according to (2.1) or (2.6). Since l x , x ∈ M are isomorphisms, both descriptions are fully equivalent. The above considerations were more or less heuristic ones. In fact, we have to postulate that the vector ψ(t) ∈ F, given by (4.1), satisfies the Schrödinger equation (2.6), i.e that ψ(t) are the usual state vectors describing a quantum system and that F is the conventional Hilbert space of states of the (nonrelativistic) quantum mechanics. This is the main point connecting the bundle and conventional description of a quantum system. If (F , π, M ) and {l x , x ∈ M } are fixed, then via (4.1) one obtains the usual description. On the other hand, if the quantum evolution is given through state vectors in F, as it is widely accepted [3, 5] , then fixing the set of linear isomorphisms {l x , x ∈ M } one finds that the bundle description in (F , π, M ) is unique and it is obtained by inverting (4.1):
Two important notes have to be made here. Firstly, the state vectors in the bundle description generally explicitly depend on the observer which is depicted in the index γ in Ψ γ (t). This is on the contrary to the quantum mechanics where it is almost everywhere implicitly assumed. And secondly, the bundle, as well as the conventional, description of quantum mechanics is defined up to a linear isomorphism(s). In fact, if ı : F → F ′ , F ′ being a Hilbert space, is a linear isomorphism (which may depend on the time t), then ψ ′ (t) = ı(ψ(t)) equivalently describes the evolution of the quantum system in F ′ . (Note that in this way, for F ′ = F, one can obtain the known pictures of motion in quantum mechanics -see [3] .) In the bundle case the shift from F to F ′ is described by the transformation l x → l ′ x := ı • l x which reflects the arbitrariness in the choice of the typical fibre (now F ′ instead of F) of (F , π, M ). There is also arbitrariness in the choice of the fibres F x = π −1 (x) which is of the same character as the one in the case of F, viz. if ı x : F x → F ′ x , x ∈ M are linear isomorphisms, then the fibre bundle (F ′ , π ′ , M ) with
and isomorphisms l ′ x := l x • ı −1 x can equivalently be used to describe the evolution of a quantum system. In the most general case, we have a fibre bundle (F ′ , π ′ , M ) with fibres
Further we will not be interested in such generalizations. Thus, we shall supposed that all of the mentioned isomorphisms are fixed in such a way that the evolution of a quantum system will be described in a fibre bundle (F , π, M ) with fixed isomorphisms {l x , x ∈ M } such that l x : F x → F, where F is the Hilbert space in which the system's evolution is described through the usual Schrödinger picture of motion. 6 So, in the Schrödinger picture a quantum system is described by a state vector ψ in F. 7 Generally [28] ψ depends (maybe implicitly) on the observer with respect to which the evolution is studied 8 and it satisfies the Schrödinger equation (2.6). We shall refer to this representation of quantum mechanics as a Hilbert space description. In the new (Hilbert fibre) bundle description, which will be studied below, the linear isomorphisms l x : F x = π −1 (x) → F, x ∈ M are supposed arbitrary fixed 9 and the quantum systems are described by a state sections along paths Ψ of a fibre bundle (F , π, M ) whose typical fibre is the Hilbert space F (the same Hilbert space as in the Hilbert space description).
Here the term (state) section along paths needs some explanations and correct definition. The proper bundle analogue of ψ(t) ∈ F is Ψ γ (t) ∈ F γ(t) , given by (4.2), which explicitly depends on the observer's trajectory (world line in the special relativity interpretation). Let J ′ ⊆ J be any subinterval of J on which γ is without self-intersections, i.e. if s, t ∈ J ′ and s = t, then γ(s) = γ(t). The map Ψ γ|J ′ : γ(J ′ ) → π −1 (γ(J ′ )) ⊂ F given by Ψ γ|J ′ : x → Ψ γ (t), x ∈ γ(J ′ ), for the unique t ∈ J ′ for which γ(t) = x, is a depending on γ section of the restricted bundle (F , π, M )| γ(J ′ ) , i.e.
. 10 Generally we can put Ψ γ : x → {Ψ γ (t) : t ∈ J, γ(t) = x} for every x ∈ M . Evidently Ψ γ : x → ∅, ∅ being the empty set, for x ∈ γ(J), π • Ψ γ | γ(J) = id γ(J) , and at the points of self-intersection of γ, if any, Ψ γ is multiple valued, with the number of its values being equal to one plus the number of self-intersections of γ at the corresponding point. We call section along paths any map Ψ : γ → Ψ γ , where Ψ γ : M → F may 6 Note that in the mentioned context the Schrödinger picture of motion plays the same role as the inertial frames in the Newtonian mechanics. 7 The concrete choice of F is insignificant for the following, the only important thing is the fulfillment of the Schrödinger equation for the evolving vectors in it.
8 Usually this dependence is not written explicitly, but it is always presented as actually t is the time with respect to a given observer. 9 The particular choice of {lx} (and, consequently, of the fibres Fx) is inessential for our investigation. 10 Since in the special relativity interpretation γ is observer's world line, the path γ can not have self-intersections (for real particles and (extended) bodies). In this case the map Ψγ is a section over the whole set γ(J).
be multiple valued and such that π • Ψ γ | γ(J) = id γ(J) and Ψ γ : x → ∅ for x ∈ γ(J). So, the above-defined object Ψ γ is a section along γ. It is single valued, and consequently a section over γ(J) in the usual sense [9] , iff γ is without self-intersections.
Generally, to any vector ϕ ∈ F there corresponds a unique (global) section Φ ∈ Sec(F , π, M ) defined via
Consequently to a state vector ψ(t) ∈ F one can assign the (global) section
∈ F x and thus obtaining in F x for every x ∈ M an isomorphic picture of (the evolution in) F. But in this way one can not obtain something significantly new as the evolution in F is simply replaced with the (linearly isomorphic to it) evolution in F x for any arbitrary fixed x ∈ M . This reflects the above-mentioned fact that the quantum mechanical description is defined up to linear isomorphism(s). Besides, on the contrary to the bundle description, in this way one looses the explicit dependence on the observer. So in it one can't get something really new with respect to the Hilbert space description.
Below we are going to define some structures and maps specific to Hilbert bundles and having a relation to the Hilbert bundle description of quantum mechanics.
Denote by ·|· x the Hermitian scalar product in F x . We demand the isomorphisms l x to preserve not only the linear but also the metric structure of the bundle, i.e. ϕ|ψ = l −1
x ϕ|l −1 x ψ x , ϕ, ψ ∈ F. Consequently l x transform the metric structure from F to F x for every x ∈ M according to
and, consequently, from F x to F through
Defining the Hermitian conjugate map (operator) A ‡
we find (see (4.4))
where the dagger denotes Hermitian conjugation in F (see (2.5)). We call a map A x unitary if
Evidently, the isomorphisms l x are unitary in this sense:
Similarly, the Hermitian conjugate map to a map A x→y ∈ {C x→y :
Its explicit form is
As (A † ) † ≡ A for any A : F → F, we have
If B x→y ∈ {C x→y : F x → F y , x, y ∈ M }, then a simple verification shows 
11 The Hermiticity and at the same time unitarity of lx→y is not incidental as they define a (flat) linear transport (along paths or along the identity map of M ) in (F , π, M ) (see (3.4) and below the paragraph after (4.18)).
A simple corollary from (3.3) is the equivalence of (4.17) and (4.18); therefore, a transport along paths in a Hilbert bundle is Hermitian if and only if it is unitary, i.e. these concepts are equivalent. For such transports we say that they are consistent or compatible with the Hermitian structure (metric (inner product)) of the Hilbert bundle [31] .
Let A be a bundle morphism of (F , π, M ), i.e. A : F → F and π • A = id M , and A x := A| Fx . The Hermitian conjugate bundle morphism A ‡ to A is defined by (cf. (4.10)) 21) and it is called unitary if A ‡
5 The (bundle) evolution transport
, and ψ(t 1 ) = U(t 1 , t 1 )ψ(t 1 ) for every moments t 1 , t 2 , t 3 and arbitrary state vector ψ. Hence
Besides, by definition, U(t 2 , t 1 ) : F → F is a linear unitary operator, i.e. for λ i ∈ C and ψ i (t 1 ) ∈ F, i = 1, 2, we have:
From (5.1) and (5.2), evidently, follows
and consequently
If one takes as a primary object the Hamiltonian H, then these facts are direct consequences of (2.10).
Thus the properties of the evolution operator are very similar to the ones defining a ((flat) Hermitian) linear transport along paths in a Hilbert bundle. In fact, below we show that the evolution operator is a kind of such transport. (Note that this description is not unique.)
The bundle analogue of the evolution operator U(t, s) :
for every instants of time s, t ∈ J. Analogously to (5.1) and (5.2), now we have:
We call U bundle evolution operator or evolution transport (see below). Comparing (5.7) with (2.1) and using (4.2), we find
This shows the equivalence of the description of evolution of quantum systems via U and U γ . A trivial corollary of (5.10) is the linearity of U γ and
is a linear transport along paths in (F , π, M ) . 12 This transport is Hermitian (see Sect. 4). 12 In the context of quantum mechanics it is more natural to define Uγ (s, t) from F γ(t) into F γ(s) instead from F γ(s) into F γ(t) , as is the map U γ s→t = Uγ (t, s) : F γ(s) → F γ(t) . The latter notation is better in the general theory of transports along paths [23] . Consequently, when applying results from [23] , we have to remember that they are valid for the maps U γ s→t (or U γ : (s, t) → U γ s→t ). That is why for the usage of some results concerning general linear transports along paths from [23] for Uγ (s, t) or Uγ one has to write them for U γ s→t (or U γ ) and then to use the connection U In fact, applying (4.11) to U γ (t, s) and using (5.10), we get
So, using (5.6), once again (5.10), and (5.5), we find
γ (s, t).
(5.14)
Hence U γ (t, s) is simultaneously Hermitian and unitary operator, as it should be for any Hermitian or unitary transport along paths in a Hilbert bundle (see Sect. 4) .
In this way, we see that the bundle evolution operator U is a Hermitian (and hence unitary) linear transport along paths in (F , π, M ). Consequently, to any unitary evolution operator U in the Hilbert space F there corresponds a unique Hermitian (and unitary) linear transport U along paths in the Hilbert bundle (F , π, M ) and vice versa.
Conclusion
In the present work we have prepared the background for a full self-consistent fibre bundle formulation of nonrelativistic quantum mechanics. For this purpose we constructed a Hilbert (vector) fibre bundle replacing now the conventional Hilbert space of quantum mechanics. On this scene, as was shown here, the conventional quantum evolution is described by a suitable linear transport along paths.
An advantage of the bundle description of quantum mechanics is that it does not make use of any particular model of the base M . But on this model depends the interpretation of 'time' t used. For instance, if we take M to be the 3-dimensional Euclidean space E 3 of classical (or quantum) mechanics, then t is natural to be identified with the absolute Newtonian (global) time. However, if M is taken to be the Minkowski 4-dimensional space M 4 , then it is preferable to take t to be the proper time of some (local) observer, but the global coordinate time in some frame can also play the role of t. Principally different is the situation when the pseudo-Riemannian space V 4 of general relativity is taken as M : now t must be the local time of some observer as a global time does not generically exist.
Generally, the space-time model M is external to (bundle) quantum mechanics and has to be determined by another theory, such as special or general relativity. This points to a possible field of research: a connection between the quantities of the total bundle space with a concrete model of M may result in a completely new theory. Elsewhere we shall show that just this is the case with relativistic quantum mechanics.
The development of the bundle approach to quantum mechanics will be done in the continuation of this paper. In particular, we intend to investigate the following topics from the novel fibre bundle view-point: equations of motion, description of observables, pictures and integrals of motion, mixed states, interpretation of the theory and possible ways for its further development and generalizations.
